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ABSTRACT We have developed a theory for the extension and force of B-DNA tethered at a fixed point in a uniform
hydrodynamic flow or in a uniform applied electric field. The chain tethered in an electric field is considered to be subject to
free electrophoresis compensated by free sedimentation in the opposite direction. This allows the use of results of free
electrophoresis for including the effects of small ions. The force on the chain is derived for a sequence of ellipsoidal segments,
each twice the persistence length of the wormlike chain. Hydrodynamic interaction between these segments is based on the
long-range limit of flow around the prolate ellipsoids, as derived from equivalent Stokes spheres. The chain extension is
derived by applying the entropic elasticity relation of Marko and Siggia (1995 Macromolecules. 28:8759–8770) to each
segment for polymer chains under constant tension. We justify this procedure by comparing with extension results based on
the Boltzmann averaged orientation of straight, freely jointed segments. Predicted results agree well with recent extension-
flow experiments by Perkins et al., 1995. Science. 258:83–87, and with electrophoretic stretch experiments by Smith and
Bendich (1990 Biopolymers. 29:1167–1173) on fluorescently stained B-DNA. We find that the equivalence of hydrodynamic
and electrophoretic stretch, proposed by Long et al. (1996 Phys. Rev. Lett. 76:3858–3861; 1996 Biopolymers 39:755–759),
is valid only for very small chain deformations, but not in general.

INTRODUCTION

Micromanipulation of single molecules has added consid-
erably to our knowledge of B-DNA (Smith et al., 1992,
1996; Wang et al., 1997). This paper presents a theory for
the stretching of single, tethered B-DNA molecules (1) in a
uniform liquid flow (hydrodynamic stretch), and in com-
parison with experiments by Perkins et al. (1995), and (2) in
a uniform external electric field (electrophoretic stretch) and
comparison with experiments by Smith and Bendich (1990).
Our treatment is based on the wormlike chain model of

Kratky and Porod (Doi and Edwards, 1986). We also con-
sider the freely jointed chain (Flory, 1953). Bustamante et
al. (1994) and Marko and Siggia (1995) have shown that the
entropic elasticity of B-DNA under constant tension is
described considerably better by the wormlike chain than by
the freely jointed chain model. Their work confirmed earlier
Monte Carlo results by Vologodskii (1994). In the experi-
ments under study the tension in the chain increases from
zero at the free end to a maximum tension at the tethered
end of the chain. We expect that also in this case of
stretching B-DNA under variable tension the wormlike
chain is superior to the freely jointed chain. Although our
predicted extensions are for the wormlike model, we use the

freely jointed chain model to estimate effects of fluctuations
on the chain extension.
Marko and Siggia (1995) have treated the hydrodynamic

stretch of the wormlike chain on the basis of an average
tension and an overall coil deformation. By using an adjust-
able parameter they could match experimental chain exten-
sions to within a few percent. Larson et al. (1997) have
treated hydrodynamic stretch of DNA by distributing the
friction force onto a sequence of 40 or 80 beads connected
together with short submolecules whose elasticity is de-
scribed by the approximate Marko-Siggia relation (Busta-
mante et al., 1994). The friction on the chain is fitted to the
known extreme values: that is, the experimental value of
coiled DNA, and the theoretical value of fully stretched,
rodlike DNA with 1 nm radius. Predictions of this theory are
in good agreement with experiments. In a more detailed
theory, also without adjustable parameters, B. H. Zimm
(1997, personal communication) has treated the hydrody-
namic stretch problem in a similar way. He divides the chain
in sections of one persistence length each, over which the
tension is assumed constant. This allows the use of an
accurate inverse Marko-Siggia relation to obtain the exten-
sion of each section. Friction forces on the chain sections
are evaluated with standard methods in polymer hydrody-
namics, adapted to a bead model with wormlike chain
statistics.
Electrophoretic stretch of B-DNA has been treated by

Schurr and Smith (1990) for the freely jointed chain, and by
Marko and Siggia (1995) for the wormlike chain. In both
cases the electric force on the small ions was neglected, and
the charge density of B-DNA was used as an adjustable
parameter. Long et al. (1996a,b) have predicted extension in
electric fields by using the experimental data on hydrody-
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namic stretch by Perkins et al. (1995). It is our aim to
develop a theory without adjustable parameters by using the
structural charge density of B-DNA.
The theory in the present paper has three interconnected

parts: the hydrodynamic force on the chain. the electro-
phoretic force on the chain, and the resulting chain exten-
sion. Both forces and the relative extension vary along the
tethered chain. Below we indicate the approach to each part
of the theory.
The hydrodynamics of the wormlike chain were treated

for diffusion and intrinsic viscosity by Yamakawa and Fujii
(1973, 1974), using the Oseen-Burgers procedure for slen-
der body hydrodynamics. We have not tried to extend their
approach to the problem under study because we prefer to
use the same chain model for both the electrophoretic and
the hydrodynamic force. For hydrodynamic purposes we
model the chain as a sequence of straight segments and
represent each segment by a prolate ellipsoid, using friction
coefficients derived from Oberbeck’s work (1876). Interac-
tions between segments are treated with methods familiar in
polymer theory (Kirkwood and Riseman, 1948; Garcia de la
Torre and Bloomfield, 1977), but we keep track of segment
orientation by using unaveraged, directional flow perturba-
tions from each segment.
Electrophoretic stretch is closely connected to free elec-

trophoresis. Modifying the theory of Schurr and Smith
(1990) or of Marko and Siggia (1995) by introducing the
electric force on the small ions near DNA may seem a
complicating factor. No explicit treatment of this extra
electric force, however, is required here, because the results
can be transferred directly from the theory of free electro-
phoresis (Stigter, 1991). The latter theory is available for
charged rods (Stigter, 1978a,b), but not for curved cylinders
or other models of the wormlike chain. Therefore, we
straighten short sections of the wormlike chain as above.
The choice of the length of the straight segments is based on
the statistics of the wormlike chain as follows.
Let � denote the angle between the tangents to the chain

at point Q and a second point separated by contour length s.
Then the flexibility of the chain is given by its persistence
length P in the expression for the average of cos � (Landau
and Lifshitz, 1958)

�cos �� � exp��s/P� (1)

This expression gives the decaying correlation between
the chain directions for growing distance s along the
chain between the two points. For s �� P there is no
correlation, �cos �� 3 0. For s �� P the correlation is
maximal, �cos �� 3 1. We approximate the exponential
decay of �cos �� by choosing �cos �� 	 1 for s � P and
�cos �� 	 0 for s � P. Since the memory loss of the chain
orientation decays according to Eq. 1 on both sides of a
given point Q in the chain, the straight section, with �cos ��
	 1, has a length 2P, and has no orientational correlation,
�cos �� 	 0, with the adjacent straight sections, also of
length 2P. It is well known that this approximation of the

wormlike chain, usually called the freely jointed chain,
gives for long chains the same mean square end-to-end
distance. It is reasonable to derive the hydrodynamic and
electrophoretic forces on the wormlike chain from the same
approximation.
The relation between stretching forces and chain exten-

sion has been treated in two ways. First, Schurr and Smith
(1990) have treated electrophoretic stretch for the freely
jointed chain by converting the stretching force on each
segment into a potential energy. Then this energy was used
in the Boltzmann statistics of each segment to find its
average orientation and, hence, its average contribution to
the extension of the chain. Second, Marko and Siggia
(1995) dealt with electrophoretic stretch, and Larson et al.
(1997) and Zimm (1997, personal communication) with
hydrodynamic stretch in a more direct way. They derived
the stretching force on short sections of the wormlike chain,
and applied the Marko-Siggia results for the entropic elas-
ticity under constant tension to each section separately to
find the total chain extension. The Marko-Siggia force-
extension treatment is for long chains. The above applica-
tion to short chain sections may compromise the wormlike
nature of the chain, or may treat fluctuations incorrectly. To
estimate possible errors we compare the Boltzmann method
and the direct force-extension method for the freely jointed
chain.
For the main calculations we use the straight segment

approximation to obtain the stretching forces, and to find the
total chain extension we apply Zimm’s (1997, personal
communication) inverse Marko-Siggia force-extension re-
lation to the single segments. The computation of chain
conformation and tension along the chain is iterated until
self-consistent results are obtained. We start with hydrody-
namic stretch, then proceed with the more involved case of
electrophoretic stretch. In the application to gel electro-
phoresis, stretching forces are at least as important as chain
extensions. Therefore, we give results for both the chain
extension and for the tethering force versus the strength of
the external field. We also compare hydrodynamic and
electrophoretic stretch to test an idea proposed by Long et
al. (1996a) of “a hydrodynamic equivalence that, in partic-
ular, predicts that an end-anchored polyelectrolyte deforms
in a similar way in an electric field E
, and in a hydrody-
namic flow at velocity �
 	 �elE
 (where �el is the elec-
trophoretic mobility of the polyelectrolyte).”
In an earlier version of this paper we applied the Schurr-

Smith (1990) statistics to treat hydrodynamic stretch. This
work was criticized because, according to a reviewer, the
use of a friction related-energy in a Boltzmann factor is
unacceptable. The use of friction forces in statistical me-
chanics has, however, a firm foundation in early polymer
hydrodynamics (Kramers, 1946; Hermans, 1949). In a clas-
sic paper (1946) Kramers explained that if the effect of
friction forces is the same as that of a potential energy, this
energy may be used in Boltzmann statistics. We show that
such is the case in our treatment (see Eq. 19 below). A
somewhat different argument is that, for a polymer that is
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stationary in a flow field, the field of friction forces balances
a force field derived from the deformation potential of the
polymer which is part of its free energy and, therefore, may
be used in statistical mechanics of the polymer.

TENSION IN A CHAIN TETHERED IN
UNIFORM FLOW

We model the chain as a sequence of N freely rotating
straight segments, each of length 2P, which is twice the
persistence length of the chain. The chain is tethered at
segment 1 in a uniform flow with velocity u in the positive
z direction of the Cartesian coordinates. Segments 1, . . . i,
. . . N make angles �1, . . . �i, . . . �N with the positive z axis,
see Fig. 1.
We are interested in the components of forces and liquid

velocities along the z axis. Let ui be the z component of the
liquid velocity at segment i. When segment imakes an angle
�i with the z axis (see Fig. 2), the component of ui parallel
with the segment is

u� � uicos �i (2a)

and the component perpendicular to the segment

u� � uisin �i (2b)

When f� and f� are the friction coefficients of the segment
for orientation parallel and perpendicular to the flow direc-
tion, respectively, the liquid velocity ui subjects the segment
to the forces

F� � u� f� (3)

and

F� � u� f� (4)

We assume that the total friction force on a segment is
exerted on its center. The z component of this force, Fi, is
the sum of the z components of F� and F� (see Fig. 3).

Fi � F�cos �i � F�sin �i � ui� f�cos2�i � f�sin2�i� (5)

For the purpose of hydrodynamics each chain segment is
modeled as a prolate ellipsoid with long axis 2P and short
axes c. Following results by Happel and Brenner (1965)
based on Oberbeck’s treatment (1876), the friction coeffi-
cient for flow parallel to the long axis is, in terms of the
axial ratio � 	 2P/c,

f� �
4	
c

�� �

�2 � 1�
2�2 � 1

��2 � 1�3/2 ln�� � ��2 � 1�� (6)

where 
 is the viscosity of the liquid. The friction coeffi-
cient for flow perpendicular to the long axis is

f� �
8	
c

� �

�2 � 1�
2�2 � 3

��2 � 1�3/2 ln�� � ��2 � 1�� (7)

Equations 6 and 7 have been derived for uncharged ellip-
soids. Strictly speaking, in applications to B-DNA one
should make a correction for the DNA charge, that is, for

FIGURE 1 Freely jointed chain of N segments, tethered at segment 1 in
liquid with velocity u along z axis, with extension E in flow direction.

FIGURE 2 Component ui in z direction of liquid velocity at segment i
and its components parallel and perpendicular to segment.

FIGURE 3 Friction forces parallel and perpendicular to segment i with
vector sum Fi in z direction.
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the extra force to move the counterions that is transmitted to
the moving DNA. Stigter (1982) has treated this effect on
the sideways motion of long charged cylinders. The charge
effect on the friction coefficient of DNA is found to be
around a few percent. In this paper we neglect this minor
correction.
We now consider the local liquid velocity at segment i.

When a chain is placed in a liquid with uniform velocity u,
the presence of the stationary (tethered) chain perturbs the
liquid velocity. The velocity ui is the z component of the
local liquid velocity at the center of segment i when seg-
ment i has been removed from the chain. The velocity ui is
calculated as the sum of the unperturbed velocity u and the
perturbations by all other segments

ui � u� �
j	1

N

�uij j� i (8)

�uij is the z component of the perturbation by segment j, in
its local velocity uj, at the center of segment i (see Fig. 4).
The perturbation �uij depends on the length and direction of
the distance vector between segments i and j (rij and �ij in
Fig. 4), on the orientation and friction coefficient of seg-
ment j, and on the local velocity uj. Since each evaluation of
the velocity profile requires the computation of N(N � 1)
different values of �uij, using the exact flow pattern around
an ellipsoidal segment j is too computer intensive. There-
fore, we use the long-range approximation of this flow
pattern, which is derived by replacing the ellipsoidal seg-
ment j by a sphere with the same Stokes friction; that is, a
sphere with radius aj given by

6	
aj � f�cos2�j � f�sin2�j (9)

with f� and f� from Eqs. 6 and 7. The Stokes flow around
this equivalent sphere (Landau and Lifshitz, 1982) yields

�uij � uj��34 ajrij � 1
4
aj3

rij3
� � ujcos2�ij��34 ajrij � 3

4
aj3

rij3
� (10)

The distances rij and the angles �ij in Eq. 10 require the
chain conformation. The change of the coordinates between
segments i and i � 1, �xi, �yi, �zi, is illustrated in Fig. 5.
The iterative calculation described in the next section gives
cos �i for all i. The set of angles �i for i 	 1 to N is chosen
randomly between 0 and 2	. The coordinates of the seg-
ments are determined by accumulation: xi 	 
j	1

i �xj, etc.
The distances rij are obtained with

rij � ��xi � xj�2 � �yi � yj�2 � �zi � zj�2�1/2 (11)

and the angles �ij with

cos �ij �
zi � zj
rij

(12)

The tension at segment i, Ti, equals the friction on the
loose end of the chain, downstream from segment i. We
neglect in Ti the friction on segment i itself, and also any
tension variation over each segment i, which are good
approximations for large N. Furthermore, in evaluating the
tension on segment i, we assume that the rest of the chain
is frozen in its average conformation. Thus we have with
Eq. 5

Ti � �
k	i�1

N

Fk � �
k	i�1

N

uk�f��cos2�k� � f��sin2�k�� (13)

where the angular brackets indicate segmental averages,
obtained as explained in the next section. The tethering
force, Ft, equals the total friction force on the chain

Ft � �
k	1

N

Fk. (14)

CHAIN EXTENSION IN
HYDRODYNAMIC STRETCH

Each segment contributes on average �zi 	 2P �cos �i� to
the extension of the chain in the z direction, so the total

FIGURE 4 Distance rij and angle �ij for hydrodynamic interaction �uij
between segments j and i given by Eq. 10.

FIGURE 5 Cartesian coordinates of segment i with length 2P 	 b used
to calculate chain conformation with random choice of angle �i.
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extension Ex of the chain along the z axis is the sum

Ex� �
i	1

N

�zi � 2P �
i	1

N

�cos �i� (15)

There are several ways to connect �cos �i� with the tension
Ti in segment i. Here we first apply to each segment the
Marko-Siggia (1995) results for the wormlike chain under
constant tension. We use an expression derived by Zimm
(1997, personal communication) which is an excellent ap-
proximation of the exact results and reads in the present
notation

�cos �i� �
0.6667ti � 0.8080ti2 � 0.10365ti3

1� 1.1118ti � 1.1076ti2 � 0.10365ti3
ti 
 9

�cos �i� � 1� 1/�4ti�1/2 ti � 9 (16)

In Eq. 16 ti is the dimensionless reduced tension related to
the tension Ti in Eq. 13 and to the persistence length P of the
wormlike chain

ti �
TiP
kT (17)

where k is Boltzmann’s constant, and T is the absolute
temperature.
Second, we relate the segmental averages in Eqs. 13 and

15 with the approximate expression

�cos2�i� � �cos �i�
2 (18)

The averages in Eq. 16 can be computed sequentially for
all segments i	 N, N� 1, . . . 1, because the expression for
segment i requires information only about the segments k	
i � 1 to N, toward the free end of the chain. As shown
schematically in Fig. 6, the computation of the chain exten-
sion is iterative, starting, for example, from the completely
stretched chain, with cos �i 	 1 for all i. In each iteration
step Eqs. 8 and 10 yield a new set of ui values, which is then
used with Eqs. 13 and 16 to find a new chain conformation,
until the force Ft on the chain in Eq. 14 has become stable.
We use the same random set of angles �i (see Fig. 5) in all
iteration steps.

Equations 16 and 18 require further consideration. Equa-
tion 16 has been derived for long chains (Marko and Siggia,
1995; Zimm, 1997, personal communication). The applica-
tion to single chain segments might introduce significant
fluctuation errors, depending on the range available to the
segment orientation. For example, for very small tensions,
when in Eq. 15 Ex 3 0, statistics yield �cos �i� 3 0 and
�cos2 �i�3 1⁄3. Conversely, Eq. 18 gives �cos2 �i�3 0. We
investigate this fluctuation effect for the freely jointed chain
where the translational friction in the flow direction is used
in the Boltzmann statistics of the segment orientation. This
produces the correct statistical averages of cos �i and of cos2
�i for all segments.
The derivation of �cos �i� is treated as diffusion in an

external field. For flow velocity u 	 0, �i is determined by
free rotational diffusion. In that case all orientations of
segment i have the same statistical weight; that is, all values
of cos �i are equally probable, and any frictional energy for
segment rotation is supplied by the thermal energy. For
finite flow rates we assume that again the thermal energy
provides the rotational friction energy of the segment, but
now the rotational diffusion is biased toward the parallel
orientation, toward cos �i 	 1. This bias is due to friction
forces in the z direction on the free end of the chain,
downstream from segment i. In the statistics of segment i we
assume that all other segments are frozen in their average
orientation. As before, this yields the average tension Ti on
segment i given by Eq. 13. When segment i rotates from its
standard state, � 	 	/2, to � 	 �i, the change in segment
position can be viewed as a series of small rotations around
the center of the segment, each followed by a small trans-
lation in the z direction of the segment with constant orien-
tation under the influence of the tension Ti. The energy
involved in the translation is recoverable, the hallmark of a
potential energy, and is given by the force integral

Ui � ��
0

2P cos �i

Tidz� �2PTicos �i (19)

Considering Ui as the potential field in which the rotational
diffusion of segment i occurs, we find its Boltzmann aver-
aged position from

�cos �i� �
��1
1 cos �iexp��Ui/kT�d�cos �i�

��1
1 exp��Ui/kT�d�cos �i�

� coth�2ti� �
1
2ti
(20)

where ti is given by Eq. 17. Equation 20 is usually derived
as the entropic elasticity of long chains (Hill, 1960). It is for
the freely jointed chain the equivalent of Eq. 16 for the
wormlike chain. The mean square value of cos �i is

�cos2�i� �
��1
1 cos2�iexp��Ui/kT�d�cos �i�

��1
1 exp��Ui/kT�d�cos �i�

� 1�
1
2ti2

�
coth�2ti�
ti

(21)

FIGURE 6 Iteration scheme.
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We can now treat the hydrodynamic stretch of freely
jointed chains by using Eq. 20 instead of Eq. 16 for �cos �i�.
To test the effect of fluctuations we can then use approxi-
mation Eq. 18 and compare with more accurate results
obtained with Eq. 21 for �cos2 �i�. Fig. 7 shows results for
stained B-DNA with contour length 2NP 	 21.8 �m, as-
suming P 	 675 Å for the persistence length and 24 Å for
the chain diameter, as argued later. The top curve was
evaluated with Eqs. 20 and 21, the middle curve with Eqs.
20 and 18, and the bottom curve with Eqs. 16 and 18. The
small difference between the top and the middle curves for
the freely jointed chain shows that fluctuations are not
important, and that Eq. 18 is a good approximation for
�cos2 �i�. The bottom curve for the wormlike chain is
substantially lower than the results for the freely jointed
chain, of the order of 10%. All further computations in this
paper are for wormlike chains, using Eqs. 16 and 18.
We proceed with electrophoretic stretch of polyelectro-

lytes. Here the extension treatment is the same as given in
this section for hydrodynamic stretch. Only the derivation
of the tension along the chain is different.

ELECTROPHORETIC STRETCH

The tethered B-DNA is stationary in the electric field E in
the z direction. We first derive the tension on each straight
segment. In the theory of Schurr and Smith (1990) the
tension arises from the force exerted by the field E on the
charge fixed to the DNA. In a more recent paper, Stigter
(1991) also considered the electric force on the surrounding
ion atmosphere which is partly transmitted as an increased
viscous drag of the DNA. At present we add the long-range

hydrodynamic interactions between the various chain
segments.
The derivation of the tension in the chain is similar to that

leading to Eq. 13. With the same approximations as in Eq.
13, we have for the tension in segment i

Ti � �
k	i�1

N

Fk (22)

where now the force Fk does not relate to a flow field u, but
Fk is the “electrophoretic force” on segment k in the electric
field E. Explicit introduction of the role of the small ions
leads to considerable complexity in the treatment of the
electrophoretic force Fk. The analysis is, however, greatly
simplified when we disregard the tether and connections
between the segments, and add a hypothetical sedimentation
force on each stationary chain segment. We first look at a
single, isolated segment, labeled i.
If the free electrophoretic velocity of the segment i is �el

in the z direction, the sedimentation force Fsed is assumed to
be such that it gives the segment i the compensating velocity
�sed 	 ��el. Then the sedimentation force on the stationary
segment, �sed times the friction factor fsed of the segment,
compensates exactly the electrophoretic force Fi on it. This
is the total force exerted on the stationary segment i by the
electric field, given by

Fi � �el fsed (23)

To introduce the segment orientation into Eq. 23 we
decompose into components parallel and perpendicular to
the segment. The parallel and perpendicular field compo-
nents, E cos �i and E sin �i, respectively, give the electro-

FIGURE 7 Extension-flow curves for B-DNA with
contour length 21.8 �m. From top to bottom: Exact
theory for freely jointed chain, Eq. 21. Approximate
theory for freely jointed chain, Eq. 18. Approximate
theory for wormlike chains, Eq. 18.
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phoretic velocity components (Stigter, 1991)

�� �
�0D�E



cos �i (24)

�� �
�0D�E




2
3 g�sin �i (25)

where � is the surface potential of B-DNA, �0 is the per-
mittivity of free space, D is the dielectric constant of the salt
solution, and g� is a numerical factor tabulated by Stigter
(1991). The factor 2g�/3 in Eq. 25 accounts for the pertur-
bation of the electric field by the presence of the noncon-
ducting cylinder and by the relaxation of the ionic atmo-
sphere around the moving cylinder. With the friction factors
f� and f� from Eqs. 6 and 7 we find for the components of
Fi

F� � ��f� F� � ��f� (26)

and the electrophoretic force Fi on the segment becomes

Fi � F�cos �i � F�sin �i �
�0D�E


 �f�cos2 �i �
2
3 g�f�sin2�i�

(27)

Equation 27 was derived for a single, isolated segment.
We now consider the entire tethered chain where we need to
add the hydrodynamic interactions between the segments,
which become part of the electrophoretic force Fi. Such
interaction depends on the liquid flow perturbation by the
segments in stationary electrophoresis. We treat this as
above by considering the stationary state as the sum of free
electrophoresis and free sedimentation. In free electrophore-
sis the liquid velocity around the moving particle decays
rapidly, on average proportional to the electrostatic poten-
tial in the ionic atmosphere. Alternatively, flow perturba-
tions by sedimenting particles are long-range, as we have
seen, for example, in Eq. 10.
In Fig. 8 the liquid velocity patterns around a single

segment are sketched for (a) free electrophoresis, (b) free
sedimentation, and for the sum (c) 	 (a) � (b) 	 stationary
electrophoresis. Neglecting any contribution of the short-
range free electrophoresis, we derive the intersegment in-
teraction from the long-range free sedimentation only. We
consider the forces on a segment i in the chain, The segment
is subject to the electrophoretic force Fi in the z direction,
and to the compensating tension forces. After eliminating
the tension forces by cutting the connections with segments
i � 1 and i � 1, we keep segment i stationary with the
imaginary sedimentation force �Fi on the center of the
segment. All other segments are treated in the same way and
now the hydrodynamic interaction is treated as before with
Eqs. 9 and 10. We replace each segment by a Stokes sphere
with an orientation-dependent radius such as aj in Eq. 9 for
segment j. Then the force Fj on segment j gives rise to a
fluid perturbation �uij at segment i given by the Stokes flow
in Eq. 10, provided that for the local liquid velocity at

segment j we take

uj �
Fj

6	
aj
(28)

So at segment i we find, due to the long-range hydrody-
namic interaction between the segments, a liquid velocity in
the z direction 
j	1

N ��uij where the prime on the summation
sign indicates j � i. This liquid velocity gives on segment i
the extra force 6	
ai 
j	1

N ��uij. With Eq. 27 we obtain for
the total electrophoretic force on segment i in the chain

Fi �
�0D�E


 �f�cos2�i � 2
3g�f�sin2�i�

�6	
ai �
j	1

N

�
Fj

6	
aj��34 ajrij � 1
4
aj3

rij3

�cos2�ij��34 ajrij � 3
4
aj3

rij3
��

(29)

We note that hydrodynamic interaction always reduces the
initial force on a segment, consistent with the negative sign
of the second term in Eq. 29, with the opposite signs of �el
in Fig. 8 a and the liquid velocity in Fig. 8 c, and with the
negative sign of �uij in Eq. 10.
With Eq. 29 we have all the elements for the computation

of electrophoretic stretch. Briefly, assuming a starting con-

FIGURE 8 Schematic decomposition of flow around charged particle
tethered in external electric field as sum of free electrophoresis and free
sedimentation.
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formation of the chain, Eqs. 29 and 22 give the tension Ti
along the chain. These results are used in Eqs. 15–17 for the
wormlike chain to find the chain extension and, with Eqs.
11 and 12, the chain conformation. Then, using Eq. 18, a
new computation of the tension is started. In this way,
similar to the iterative computation of hydrodynamic
stretch, we cycle between tension and conformation until
Eq. 14 indicates that the desired level of convergence has
been reached.

COMPARISON OF HYDRODYNAMIC AND
ELECTROPHORETIC STRETCH

We first consider chain conformations of stained B-DNA
with contour length 21.8 �m, tethered in a flow field u or
electric field E. The � potential of the DNA in units of kT/e
is �e/kT 	 �4.65, the electrophoretic factor in Eq. 25 is
g� 	 0.484, as discussed in the next section. The values of
u and E are adjusted to give the same chain extension Ex 	
11.55 �m in both fields. The conformations are shown in
Fig. 9 for a particular sequence of random choices for the
angle �(i) in Fig. 5. The stretch patterns of DNA in the two
fields are distinctly different. The electrophoretic stretch is
relatively higher near the tethering point, at z 	 0, and
relatively lower near the free end of the chain. This can be
understood when we compare the forces on the chain.
In Fig. 10 the force per segment is plotted versus the

distance z from the tethering point: solid curves for hydro-
dynamic stretch and dashed curves for electrophoretic
stretch. The two lower curves give the full force per seg-
ment, Eqs. 5 and 8 in field u, Eq. 29 in field E. In the two
upper curves the hydrodynamic interaction between seg-
ments is discounted; �uij 	 0, that is, Eq. 5 with ui 	 u in
flow field u, Eq. 27 in electric field E. The force curves

show several interesting features that are consistent with the
theory.

1. The local variation of the force with z is due to the
change in segment orientation, from nearly parallel to the
external field near z 	 0 to nearly random near the free
end of the chain. We expect that similar force curves for
the wormlike chain model would be smoother. Fig. 10
shows that even without the local fluctuations the linear
force density is not constant along the chain, in particular
in an electric field. So the tension does not change
linearly with the distance z, as assumed by Marko and
Siggia (1995) in their treatment of electrophoretic
stretch;

2. The difference between the solid and the dashed curves
originates in the extra factor 2/3 g� 	 0.232 in Eq. 27 in
field E, which is missing in Eq. 5 for field u;

3. Fig. 10 shows that the force in field E is greater than in
field u on segments near the tethered end, at z 	 0, and
smaller than in field u at the free end of the chain, the
lower curves in Fig. 10 crossing around z	 10 �m. This
is consistent with the chain conformations in Fig. 9,
which are stretched more in field E near z 	 0, and
stretched less in field E near the free end of the chain. To
reach the same overall chain extension, the electro-
phoretic stretch requires on average more force per seg-
ment than hydrodynamic stretch;

4. The difference between the upper and the lower curves in
Fig. 10 shows that the intersegment interaction intro-
duces significant fluctuations in the force per segment.
This is related to the random choice of the x and y
coordinates along the chain (see Fig. 5). This random
choice causes considerable variation in the relative po-
sition of neighboring segments as demonstrated in Fig. 9
and, hence, in their hydrodynamic interaction.

FIGURE 9 Conformation of 21.8-�m-long DNA ex-
tended to 11.55 �m in z direction by flow (solid curves)
or electric field (dashed curves). x coordinates start at
0, y coordinates start at 4 �m. Note different scale of z
coordinates.
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We now consider the “hydrodynamic equivalence” pro-
posal of Long et al. (1996a,b) stating that hydrodynamic and
electric fields deform a polyelectrolyte in a similar way. We
evaluate the extension Ex, Eq. 15, as well as the tethering
force Ft, Eq. 14, as a function of the fields u and E. Then we
plot Ex versus Ft for both fields. Fig. 11 shows the results.
In general, for the same force the extension is higher in a
flow field than in an electric field. This agrees with the
lower curves in Fig. 10. For very low extensions, however,
the Ex � Ft curves overlap. The reason is that for Ex 3 0
all segments are oriented randomly. Therefore, the Fi � z
curves are level and, for the same extension, will overlap,

giving the same sum Ft. In summary, the equivalence of
hydrodynamic and electric fields is strictly valid in the
limiting case of low extensions, but not in general.
So far we have used the same set of �i values in all

examples, that is, the same sequence of random numbers for
the chain conformations of Fig. 9. For hydrodynamic stretch
Fig. 12 gives not only the conformation of Fig. 9, but also
those computed with nine other sets of random numbers,
i.e., with sequences taken from different parts of the very
long period of the random number generator. The ensemble
of conformations in Fig. 12 looks like the experimental,
time-averaged image of a tethered DNA molecule deformed

FIGURE 10 Force Fi on segment i versus coordinate
zi for DNA conformation of Fig. 9 for stretch in flow
(solid curves) or electric field (dashed curves) calcu-
lated with full theory (lower curves) or without hydro-
dynamic interaction between segments (upper curves).

FIGURE 11 Test of hydrodynamic equivalence pro-
posal of Long et al. (1996a,b). Extension versus teth-
ering force curves for 21.8 �m DNA in flow (solid
curve) or electric field (dashed curve).
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by constant fluid flow (Perkins et al., 1995). Fig. 13 gives
the collection of hydrodynamic stretch curves for the ran-
dom sequences used in Fig. 12. The variation among the
curves is significant, due to the varying contribution of the
segment interactions �uij, which are conformation-depen-

dent. The variation among the electrophoretic stretch curves
(not shown) is somewhat greater because the contributions
of �uij, measured by the difference between the upper and
lower curves in Fig. 10, are larger. For longer DNA the
effect of conformation on the stretch curve is relatively
smaller because of more effective averaging. To dampen the
influence of a particular configuration, each one of the
theoretical stretch curves presented in the next section is an
average of 10 curves similar to those obtained with the 10
different random number sequences used in Figs 12 and 13.

RESULTS AND COMPARISON WITH
EXPERIMENTS

We compare our theory with hydrodynamic stretch experi-
ments by Chu’s group (Perkins et al., 1995; Chu and Per-
kins, 1996, personal communication), and with electro-
phoretic stretch experiments by Smith and Bendich (1990)
on fluorescently stained B-DNA. A B-DNA chain is char-
acterized hydrodynamically by its contour length, L, the
persistence length, P, and the hydrodynamic diameter, d.
The persistence length of stained DNA is not accurately
known. Fig. 14 shows hydrodynamic stretch curves of 21.8-
�m-long DNA calculated assuming, from top to bottom, a
persistence length of P 	 850 Å, 675 Å, and 500 Å. The
dependence of the curves on the persistence length is sig-
nificant. The agreement of the middle curve with the ex-
perimental points is reasonable. From single chain experi-
ments (Smith et al., 1992; Smith and Bendich, 1990) on
stained DNA Smith (personal communication, 1996) has
derived P 	 675 Å, the value we adopt in this paper. It is
somewhat larger than the 575 Å expected at equivalent ionic
strength (10 mM) for double helical DNA (Baumann et al.,
1997). The difference, if significant, may simply reflect a

FIGURE 12 Ten different conformations of 21.8-�m-long DNA
stretched in flow with velocity u 	 12 �m/s.

FIGURE 13 Extension-flow curves for the 10 random
number sequences used for the conformations in Fig. 12.
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stiffening effect on the chain of the intercalating fluorescent
tag. Following Schellman and Stigter (1977) we take d	 24
Å for the kinetic diameter of B-DNA, consistent with dif-
fusion and viscosity experiments. For the hydrodynamics
we choose ellipsoidal segments with a long axis 2P 	 1350
Å and with the same volume as the cylindrical chain seg-
ments with diameter d, as suggested by Garcia de la Torre
and Bloomfield (1977). This gives c 	 d�1.5 for the short
axes of the ellipsoid in Eqs. 6 and 7. We find from Eqs. 6
and 7 that for such segments the radius of the equivalent
Stokes sphere in Eq. 9 is aj 	 111.9 Å for parallel orien-
tation and aj 	 179.2 Å for perpendicular orientation. In all
hydrodynamic stretch computations we take 
 	 0.95 cP,
the value in the experimental work (Perkins et al., 1995). In
the electrophoretic work we assume the water value at
25°C, 
 	 0.89 cP.
Figs. 14 and 15 compare the theory with DNA experi-

ments over the range of contour lengths for which experi-
mental data are presently available, 21.8 �m to 151 �m.
Over this large size range the differences between theory
and experiment are quite small.
The Smith and Bendich (1990) electrophoretic stretch

experiments were carried out in 0.045 M Tris base, 0.045 M
boric acid, 0.001 M EDTA, and 0.5 �g/ml ethidium bro-
mide. We estimate from later experiments by Smith et al.
(1992) that in such a medium ethidium intercalation length-
ens B-DNA by 31%. We assume that one ethidium in-
creases the contour-length by 3.37 Å, the same as one
basepair. Then, with one positive charge per ethidium, the
stained DNA has a fixed linear charge density of (2 �
0.31)/(3.37 � 1.31) 	 �0.383 e/Å. We evaluate the �
potential of the stained DNA with the nonlinear Poisson-
Boltzmann equation (Stigter, 1975). We assume that the
ionic medium is equivalent to 0.01 M N(CH3)4Cl, and that

no counterions are inside the shear surface located 12 Å
from the axis of the DNA cylinder. Then we find for the
surface potential of such a cylinder e�/kT 	 �4.65 or � 	
�0.1195 V. Applying Eqs. 24 and 25, the electrophoretic
mobility of stained DNA oriented parallel to the applied
field is ��/E cos �i 	 �7.96 � 10�8m2s�1V�1 and, with
g� 	 0.484 (Stigter, 1991), the mobility perpendicular to
the applied field is ��/E sin �i 	 �2.57 � 10�8m2s�1V�1.
In Fig. 16 the theory is compared with the experiments by

Smith and Bendich (1990) on circular 66 kbp plasmids,
immobilized by agarose fibers threaded through their cen-
ters. The agarose gel was cast between a microscope slide
and a coverslip. The extension was measured of the stained
DNA held at the surface of the gel in an electric field
applied parallel to the coverslip. The authors state that “the
high end of the distribution [of the points in Fig. 16] should
represent the unobstructed molecules hooked at one end.”
Fig. 16 shows that the solid curve for the theory is near the
upper boundary of the experimental points. This agreement
between theory and experiment may be fortuitous because
of 1) possible electroosmotic flow in the gelfree solution
between gel and coverslip, 2) possible interaction of the two
proximate chains of the circular DNA treated as a single
chain in the theory, and 3) possible depression of interseg-
ment hydrodynamic interaction in the DNA chains due to
the proximity of gel and coverslip.
The dashed curve in Fig. 16 is the extension calculated

with Eq. 27 for Fi, instead of Eq. 29; that is, without any
hydrodynamic interaction between segments. The differ-
ence with the solid curve shows the large effect of this
long-range interaction. It is likely that in DNA chains
stretched during gel electrophoresis the long-range interseg-
ment interactions are considerably weakened.

FIGURE 14 Extension-flow curves for 21.8-�m-long
DNA calculated with different persistence lengths.
From top to bottom: P 	 850 Å, 675 Å, 500 Å. Points
from experiments by Perkins et al. (1995; personal com-
munication, 1996).
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It is possible to determine the total force on the DNA
tethered to a bead fixed in a laser trap by measuring the
deflection of the laser beam. To our knowledge such exper-
iments have not been reported. Therefore, here we give only
some sample curves. Fig. 17 shows the tethering force as a
function of flow velocity as obtained from Eq. 14 for 21.8-
and 44.0-�m-long stained DNA, lower and upper curves,
respectively. The solid curves are for the case of full inter-
segment interaction, Eqs. 5, 8, and 10. In the dashed curves
the intersegment interaction is omitted, i.e., �uij 	 0 in Eq.
8. It is found that this long-range hydrodynamic interaction
reduces the force by �60%. The results show also that the

total friction force is approximately proportional to the
contour length of the DNA and to the flow rate.
Fig. 18 gives force versus electric field curves for stained

DNA with contour length 21.8 �m. As in Fig. 17, the solid
curves are calculated with intersegment interactions (Eq.
29), the dashed curves are obtained without intersegment
interactions, using Eq. 27. The three sets of curves are for
three different ionic strengths, from top to bottom 0.01 M
(e�/kT 	 �4.65, g� 	 0.484), 0.03 M (e�/kT 	 �3.67,
g� 	 0.551), and 0.1 M (e�/kT 	 �2.67, g� 	 0.655). The
difference between the dashed and the solid curves shows
that for the tethered DNA the electrophoretic force is re-

FIGURE 15 Extension-flow curves for DNA with
different contour lengths. From top to bottom: L 	
151.0 �m, 89.6 �m, 44.0 �m. Points from experiments
by Perkins et al. (1995; personal communication, 1996).

FIGURE 16 Extension-electric field curves for 14.7-
�m-long DNA from full theory (solid curve) or without
hydrodynamic interaction between segments (dashed
curve). Points from Smith and Bendich (1990).
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duced to �1⁄3 of its original value by the long-range hydro-
dynamic interactions. The influence of the ionic strength on
the force is substantial. The deviation from linearity of the
curves is somewhat greater than in Fig. 17, presumably
because of a greater net effect of the chain conformation on
the electrophoretic force.

CONCLUSIONS

We have treated the extension of polyelectrolytes such as
B-DNA tethered at one end in a uniform liquid flow, or in
an external electric field. We include long-range hydrody-
namic interaction between ellipsoidal chain segments and
electric field effects on the small ions. Predictions are in

good agreement with hydrodynamic stretch experiments by
Perkins et al. (1995, personal communication, 1996) and
with electrophoretic stretch experiments by Smith and Ben-
dich (1990) on fluorescently stained B-DNA. This shows
that the polyelectrolyte models developed to interpret mac-
roscopic experiments can be used for single molecule
experiments.
We use the Marko-Siggia (1995) results for the force-

extension relation, as in earlier treatments of electrophoretic
stretch (Marko and Siggia, 1995) and hydrodynamic stretch
(Marko and Siggia, 1995; Larson et al., 1997; Zimm, 1997,
personal communication). The emphasis is on an accurate
treatment of the tension in the chain, on the basis of struc-
tural information without adjustable parameters. To treat

FIGURE 17 Tethering force-flow curves for DNA
from full theory (solid curves) or without hydrodynamic
interaction between segments (dashed curves). Upper
curves: L 	 44.0 �m. Lower curves: L 	 21.8 �m.

FIGURE 18 Tethering force-electric field curves for
21.8-�m-long DNA in different ionic strength solutions
calculated from full theory (solid curves) or without
hydrodynamic interaction between segments (dashed
curves). Ionic strength from top to bottom: 0.01 M, 0.03
M, 0.1 M.
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hydrodynamic and electrophoretic stretch on an equal foot-
ing, we use long ellipsoidal chain elements for hydrody-
namic friction (Oberbeck, 1876) and long cylindrical chain
elements for electrophoretic forces (Stigter, 1991). Unlike
earlier models (Marko and Siggia, 1995; Larson et al.,
1997), the present model describes chain orientational ef-
fects that lead to different force-extension curves for flow
and electric fields. This shows that the “equivalence” pro-
posal by Long et al. (1996a,b) is not valid, except for low
extensions. The tethering force is found to be roughly pro-
portional to the flow velocity or field strength, and to the
contour length of the polyelectrolyte. The explicit treatment
of long-range hydrodynamic interactions in our model is an
advantage in applications to gel electrophoresis when such
interactions may be partly or wholly damped by the sur-
rounding gel.
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